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Crystalline compounds exhibiting low-frequency rattling phonons constitute an important class of
high-performance thermoelectrics owning to their intrinsically very low lattice thermal conductivity
(κl). Theoretical approach that is capable of revealing the physical origin and accurately predicting
κl is of particular interest, which, however, still remains an outstanding challenge. In this study,
we perform a case study of lattice dynamics and thermal transport properties of Ag6Ge10P12,
which has recently been identified as a high-performance thermoelectric phosphide due to low κl,
arising from rattling vibrations associated with Ag6 clusters. Analysis within a first-principles-based
lattice-dynamics framework based on self-consistent phonon theory reveals a strong temperature
dependence of rattling phonons due to high-order anharmonic interactions. Anharmonic hardening
of the rattling optical modes has a strong effect on the lifetimes of heat-carrying acoustic phonons by
decreasing the rate of three-phonon combination processes. This mechanism results in a significant
increase in κl and changes its temperature dependence to 1/T
0.64.
I. INTRODUCTION
Lattice thermal conductivity (κl) is a key parameter in
determining properties of materials for applications such
as thermoelectrics, thermal barrier coatings, and inte-
grated circuits [1]. Thermoelectric materials require low
κl to maximize the energy conversion efficiency character-
ized by the figure of merit, zT = S2σT/(κe + κl), where
T is the absolute temperature, S is the thermopower,
σ is the electrical conductivity, and κe is the electronic
thermal conductivity [2]. Various strategies for achieving
glasslike ultralow κl have been proposed, such as strong
intrinsic anharmonicity induced by stereochemically ac-
tive lone pair electrons [3–5], structural complexity [6],
and rattling phonons in guest-host systems [7–9].
Recently, Nuss et al. [10] and Shen et al. [11] indepen-
dently demonstrated a remarkably high zT of approxi-
mately 0.6 in the mid-temperature range for a ternary
transition metal phosphide, Ag6Ge10P12. The high ther-
moelectric performance was attributed to the presence of
multiply degenerate hole pockets with highly anisotropic
(light and heavy) effective masses and intrinsically low
κl ≈ 1.0 W m−1 K−1 at T = 700 K. The low κl is related
to the unique crystal structure of this compound [10, 11],
which belongs to the I¯43m space group with a complex
primitive cell containing 28 atoms, as shown in Fig. 1.
The key feature of the structure is the presence of octahe-
dral clusters composed of six Ag atoms in the center and
corner positions of a body-centered cubic lattice. In con-
trast with other guest-host systems, such as clathrates
and skutterudites where rattling phonons are due to
guest atoms filling large voids in the host crystal [7–
9], the localized rattling-like vibrations in Ag6Ge10P12
∗ yimaverickxia@gmail.com
are tied to Ag6 clusters, which are weakly coupled to the
surrounding network of covalent bonds formed by Ge and
P atoms, exhibiting considerably larger atomic displace-
ments than the ones from other atoms [10].
Ag
Ge
P
FIG. 1. Crystal structure of Ag6Ge10P12, wherein an octahe-
dral cluster composed of six Ag atoms is highlighted. Ag, Ge
and P atoms are colored in red, blue and green, respectively.
Crystal structure is visualized using VESTA software [12].
In view of the fact that thermoelectric performance
of most covalently bonded phosphides is limited by high
values of κl arising from stiff interatomic bonds and light
atomic masses, it is interesting and potentially useful to
gain a comprehensive understanding of the lattice dy-
namics, anharmonicity, and low κl in Ag6Ge10P12. An
earlier first-principles study [11] based on the framework
of anharmonic lattice dynamics (ALD), first-order per-
turbation theory and linearized Peierls-Boltzmann trans-
port equation (PBTE) [13–20] revealed that the rattling
phonons associated with Ag6 clusters reduce κl via cut-
ting through the acoustic region, introducing “avoided
crossings” and suppressing both phonon group velocities
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2and lifetimes (see details in Ref. [11]). These mecha-
nisms were qualitatively similar to those suggested by
previous first-principles studies on skutterudites [21, 22]
and clathrates [23]. However, quantitative agreement be-
tween theoretically calculated and experimentally mea-
sured κl was not achieved. For instance, the calculated
κl ≈ 0.5 W m−1 K−1 at T = 700 K is lower by a factor of
two than the experimental value of approximately 1.0 W
m−1 K−1 [10, 11]. It is interesting that similar discrep-
ancies between experimental data and theoretical first-
principles calculations are fairly common in the recent
literature on “rattling” compounds such as skutterudites
(YbFe4Sb12) [22] and clathrates (Ba8Ga16Ge30) [23].
Tadano and Tsuneyuki recently reported that strong
quartic anharmonicity of the Ba atoms in Ba8Ga16Ge30
causes hardening of the frequencies of the rattling
phonons with increasing temperature, which significantly
affects κl [24]. It remains unclear whether such a mech-
anism is universal and might explain discrepancies in κl
between theory and experiments in other systems with
rattling phonons. To address these questions, we per-
form first-principles calculations of the lattice dynamics
and thermal transport properties of Ag6Ge10P12 using a
self-consistent phonon (SCPH) scheme that includes an-
harmonic phonon renormalization (APRN) due to quar-
tic anharmonicity and accounts for three-phonon interac-
tions between renormalized phonons. We find that quar-
tic anharmonicity shifts the rattling modes of the Ag6
clusters to higher frequencies and reduces the scattering
and suppression of group velocities of long-wavelength
acoustic phonons. This leads to an improved agreement
for κl between theory and experiment both in magnitude
and the observed temperature dependence.
II. METHOD
The conventional perturbative approach to anhar-
monic lattice dynamics starts from the harmonic phonon
dispersion calculated from a dynamical matrix which
only includes the second derivative of the Born-
Oppenheimer potential energy surface (PES). Anhar-
monicity is then taken into account as a weak pertur-
bation and expanded in diagrammatic series of which
only the first few terms are amenable to practical cal-
culation. It is common for such calculations to only ac-
count for three-phonon processes arising from the 3rd-
order derivatives of the Born-Oppenheimer PES. In sys-
tems with strong anharmonicity and/or at high temper-
atures this procedure stops being qualitatively or quan-
titatively accurate. The situation is even more delicate
in compounds with harmonically unstable phonons that
are stabilized at high temperature by anharmonic con-
tributions to PES. One effective way to overcome this
theoretical challenge is by correcting phonon frequen-
cies in either a perturbative or self-consistent manner,
which, here we refer to anharmonic phonon renormal-
ization (APRN). Recently, several first-principles-based
APRN schemes [25–30] have been introduced, relying on
either (i) extracting effectively renormalized interatomic
force constants (IFCs) in real space [26, 27, 29] or (ii) di-
rectly estimating renormalized phonon frequencies in re-
ciprocal space [25, 28]. In this study, we employ the self-
consistent phonon (SCPH) theory [31–33] formulated in
the reciprocal space, which has been derived using either
(i) a variational approach that minimizes the anharmonic
free energy [34] or (ii) the many-body Green’s function
theory [24]. The resultant SCPH equation that accounts
for the first-order correction from quartic anharmonicity
in the diagonal form is
Ω2q = ω
2
q + 2ΩqIq, (1)
where ωq is the harmonic phonon frequency associated
with phonon mode indexed by q (a composite index of
both phonon branch and wave vector) and Ωq is the
renormalized phonon frequency. The quantity Iq is de-
fined as
Iq =
~
8
∑
q′
Φ(4)(q,−q, q′,−q′)
ΩqΩq′
[1 + 2n (Ωq′)] , (2)
where ~, n, and Φ(4) are the reduced Planck constant,
phonon population, and the reciprocal representation
of the 4th-order IFCs [28], respectively. The tempera-
ture dependence of the SCPH equation is contained in
the phonon population that follows the Bose-Einstein
statistics. Since Ωq depends on itself and Iq, the later
of which in turn relies on Ωq, Eqs. (1) and (2) are
solved self-consistently. We implemented this scheme in
the ShengBTE package [35]. It is worth noting that
a more advanced SCPH scheme including off-diagonal
terms that enable updating phonon eigenvectors (polar-
ization mixing) has been recently developed by Tadano
and Tsuneyuki [28]. To estimate the contributions from
the off-diagonal terms, we performed additional APRN
calculations using a recently developed real-space-based
scheme which naturally incorporates polarization mix-
ing [30, 36]. The resulting renormalized phonon disper-
sion curves are in excellent agreement with those from
SCPH calculations (see Fig. 7 in Appendix A), indicat-
ing that the effect of the off-diagonal terms is small. We
also note that even at T = 0 K zero-point correction due
to the quantum nuclear effect may also lead to significant
phonon frequency renormalization [34, 37, 38]. However,
in this study we adopt a convention that phonon disper-
sions at T = 0 K refers to the results obtained using
regular harmonic approximation without considering the
quantum nuclear effect.
We performed density-functional-theory (DFT) [39]
calculations using the Vienna Ab Initio Simulation Pack-
age (VASP) [40–43]. The projector-augmented wave
(PAW) [44] method was used in conjunction with the
Perdew-Burke-Ernzerhof revised PBEsol [45, 46] version
of the generalized gradient approximation (GGA) [47] for
the exchange-correlation functional [39]. The basis set in-
cluded plane waves with a kinetic energy cutoff value of
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FIG. 2. (a) Renormalized phonon dispersions curves at T = 300 K (solid orange lines) in comparison with the phonon
dispersion computed at T = 0 K (dashed gray lines). (b) Same as (a) but at T = 700 K. (c) Atom-projected phonon DOS at
T = 0, 300, and 700 K, respectively.
520 eV, and the Brillouin zone was sampled on a k-point
mesh with density equivalent to the Γ-centered meshes
of 4×4×4 for the primitive cell. In both structural relax-
ation and self-consistent DFT calculations the force and
energy convergence thresholds were set to 10−3 eV/A˚ and
10−8 eV, respectively. Supercell (2×2×2) structures with
thermalized atomic displacements at 300 K were used in
compressive sensing lattice dynamics (CSLD) [48, 49] to
extract both harmonic and anharmonic IFCs up to the
4th order. The fitted IFCs lead to a force prediction error
of less than 5.0% during an out-of-sample testing, indi-
cating that a very good representation of the DFT PES
was achieved.
We computed κl using the linearized PBTE under
the single mode relaxation time approximation (SM-
RTA) [14],
κl =
1
NV
∑
q
Cqvq ⊗ vqτq, (3)
where N , V , Cq, vq and τq are the number of sampled
phonon wave vectors, the volume of the primitive cell,
mode-resolved heat capacity, group velocity, and lifetime,
respectively. We estimated τq by accounting for both
phonon-phonon and phonon-isotope scatterings [50, 51].
The phonon-phonon scattering rates (τ−13,q ) was computed
considering three-phonon interactions [13, 35, 52–54]
τ−13,q =
∑
q′q′′
{
(1 + nq′ + nq′′)
2
ζ− + (nq′ − nq′′) ζ+
}
, (4)
with
ζ± =
pi~
4N
|V (3)± |2∆±
δ(Ωq ± Ωq′ − Ωq′′)
ΩqΩq′Ωq′′
, (5)
and
V
(3)
± =
∑
b,l1b1,l2b2
∑
αα1α2
Φαα1α20b,l1b1,l2b2
eqbαe
± q′
b1α1
e−q
′′
b2α2√
mbmb1mb2
· e±iq′·rl1 e−iq′′·rl2 ,
(6)
where l, b, and α indicates the primitive cell, basis atom,
and cartesian coordinate, respectively; m is the atomic
mass; r is the lattice vector of the primitive cell; eq is the
phonon eigenvector; Φαα1α20b,l1b1,l2b2 is the real-space repre-
sentation of the 3rd-order IFCs. In the three-phonon pro-
cesses, ζ− represents the splitting process (q → q′ + q′′),
and ζ+ indicates the combination process (q + q
′ → q′′),
wherein momentum conservation is strictly enforced as
indicated by ∆± and energy conservation is enforced by
δ functions, which are approximated by adaptive Gaus-
sian smearing [55]. To obtain the renormalized phonon
frequency Ωq at finite temperatures, we solved the SCPH
equations using a phonon wave vector q mesh of 2× 2×2
(equivalent to 224 atoms), the convergence of which was
confirmed by comparing to a denser q mesh of 4× 4×4
(equivalent to 1792 atoms). The renormalized phonon
frequencies and eigenvectors were used to perform the
inverse Fourier transform to obtain renormalized IFCs,
which were later used to construct dynamical matrix at
arbitrary q point. We solved PBTE using the Sheng-
BTE package [35, 56]. Based on rigorous convergence
tests, we find that κl is converged to sufficient accuracy
(within 5%) using a q mesh of 12×12×12 and includ-
ing up to the 6th-nearest neighbors for the 3rd-order an-
harmonic interactions. We additionally confirmed that
solving PBTE in an iterative manner [57, 58] leads to
negligible changes in κl.
III. RESULTS AND DISCUSSION
A. Phonon dispersions
Fig. 2(a) and (b) compare the computed APRN
phonon dispersions at finite temperature to those at T =
0 K without APRN. In line with our earlier study [11],
the critical feature of the T = 0 K phonon dispersions is
the presence of a set of optical phonon modes with very
low frequencies (less than 5 meV), cutting through the
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FIG. 3. (a) DFT-calculated potential energy surface (solid disks) of the low-lying zone-center rattling mode as a function
of the vibrational amplitude (Q) in the normal mode coordinate. The red, green and blue lines represent polynomial Taylor
expansions around the equilibrium position up to 2nd, 4th and 6th order, respectively. (b) Calculated principle mean square
atomic displacements (U1, U2, U3) of Ag atoms as functions of temperature. The dashed and solid lines correspond to the results
calculated without and with anharmonic phonon renormalization (APRN), respectively. The inset depicts a representative
thermal displacement ellipsoids of Ag6 cluster with the principal ellipses denoted by black solid lines, which is visualized using
the VESTA software [12]. (c) Calculated constant-volume heat capacity (gray and orange lines) as a function of temperature
in comparison with experimental measurements (empty circles) [59]. The gray and orange lines correspond to the results
calculated using phonon dispersions at T= 0 K and T= 300 K, respectively. The insets highlight the comparison at the low-
and high-temperature end, respectively.
acoustic region and exhibiting rattling behavior. The
corresponding atom-projected phonon density of states
(DOS) in Fig. 2(c) reveals that these rattling phonon
modes are associated with vibrations of Ag atoms and
give rise to a sharp DOS peak centered at approximately
3.5 meV. An additional DOS peak dominated by Ag vi-
brations is centered at slightly higher frequencies of ap-
proximately 5.5 meV. We refer to the phonon modes
associated with these two Ag DOS peaks as PM1 and
PM2, respectively, as denoted in Fig. 2(c). Subsequent
analysis will show that these modes have a large im-
pact on κl. Upon performing APRN, the PM1 and PM2
modes display strong temperature dependence, while the
acoustic and high-frequency optical modes correspond-
ing to majority Ge and P vibrations remain largely un-
affected. Specifically, a significant frequency shift of the
zone-center PM1 modes from 2.9 meV to 4.9 meV is ob-
served when the temperature increases to 300 K, and
PM1 is further shifted to 5.9 meV at 700 K. Meanwhile,
the PM2 modes also display phonon hardening at ele-
vated temperatures, but at a slower pace than the PM1
modes. As a result, the DOS associated with the PM1
modes moves upwards rapidly and merges with that of
the PM2 modes at T = 700 K, as shown in Fig. 2(c).
To understand the reasons for the large frequency-
hardening of the PM1 modes, we plot the PES of one
of the degenerate zone-center modes in Fig. 3(a). In-
terestingly, this curve features a relatively flat bottom
corresponding to a low harmonic frequency, but exhibits
a sharp increase in the energy at larger displacements,
such as those at elevated temperatures, indicating strong
anharmonicity. Specifically, Taylor expansions of the
PES based on polynomials around the equilibrium po-
sition show strong quartic anharmonicity. This is consis-
tent with the observed significant hardening of the PM1
modes.
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We next discuss the effects of the anharmonic mode
hardening on the experimental data other than the
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phonon dispersion itself; the latter requires time-
consuming and technically complex inelastic neutron
scattering techniques on high-quality single-crystals,
which may not be practical in many cases. In partic-
ular, we consider basic thermodynamic properties that
may indirectly reflect the strong temperature dependence
of rattling modes, such as the atomic mean square dis-
placements and molar heat capacity; both can be mea-
sured with relative ease. Figure 3(b) compares the
temperature-dependent principle mean square atomic
displacements (U1, U2, U3) of the Ag6 cluster calculated
with and without APRN using the Phonopy software [60].
First, we confirm that the displacement parameters of the
Ag atoms are considerably larger than those for the other
atoms, and that they show a pronounced anisotropy in
line with the experimental results of Nuss et al. [10].
Second, we find that APRN significantly reduces U1 rel-
ative to the harmonic value, which renders measuring
U1 at elevated temperatures an effective way to suggest
or confirm the presence of anharmonic mode hardening.
Third, in the case of Ag6Ge10P12 evidence for harden-
ing of the rattling modes can be gained by comparing
the theoretical and experimental ratios of the principle
mean square atomic displacements 2U1/(U2 + U3). The
calculated 2U1/(U2 + U3) at T = 300 K with APRN is
2.6, which is in much better agreement with the experi-
mental value of 3.0 [10] than the value of 4.0 obtained
from the purely harmonic model. Figure 3(c) shows
the temperature-dependent constant-volume heat capac-
ities calculated using theoretical phonon frequencies at
T = 0 K (harmonic) and T = 300 K (with APRN), as
well as the experimental measurements [59]. Unsurpris-
ingly, we see that the calculated heat capacity using the
harmonic T = 0 K phonon frequencies agrees well with
the measured low-temperature (T < 10 K) heat capac-
ity, while using the frequencies of the T = 300 K an-
harmonically renormalized phonons to predict the low-
T heat capacity leads to a significant underestimation.
This is, of course, because at low temperatures the effect
of higher-order anharmonicity is weak and the harmonic
approximation is correct. It also shows that, in general,
one cannot use the measured high-T phonons to predict
the low-T thermophysical properties. In contrast, the
heat capacities calculated with and without APRN at
T = 300 K are practically indistinguishable. This hap-
pens because the contributions to the total heat capacity
from the rattling phonon modes are almost saturated to
the classical Dulong-Petit limit, and the temperature-
dependence of the frequencies ω(T ) = ω0 + aT only con-
tributes a term that is proportional to a2. This indicates
that the heat capacity data can only be used together
with other information to confirm the hardening of rat-
tling phonon modes.
B. Lattice thermal conductivity
Next, we examine the effects of the renormalized
phonon frequencies on the lattice thermal conductivity
κl. Fig. 4 shows the computed κl in comparison with ex-
perimental measurements [10, 11]. We see that κl com-
puted without APRN displays significantly smaller values
than experimental results. It is worth noting that our cal-
culated κl is also slightly smaller than the earlier theoret-
ical result of Ref. [11], which is due to the more stringent
convergence criteria employed in this study. Intriguingly,
κl calculated with APRN exhibits much higher values
than without APRN (by a factor of two in the entire
temperature range) and achieves a much better agree-
ment with experiments. Interestingly, we find that in
addition to increasing the absolute value of κl, APRN
also strongly alters its temperature dependence. When
APRN is small and three-phonon processes dominate,
one usually sees an approximately 1/T decrease of κl
that is caused by the increase in phonon population with
increasing T . In marked contrast, strong APRN leads
to a noticeably slower decay of κl following a 1/T
0.64
power law instead of the κl ∝ 1/T 0.92 relation calculated
6without APRN. This is in rather good agreement with
the experimental measurements of Shen et al. [11], who
report κl ∝ 1/T 0.59. However, a faster decay following
1/T 0.83 was found by Nuss et al. [10]. Such an inconsis-
tency between the two experimental studies may be due
to the presence of a possible impurity phase [11] and can
be resolved by performing measurements on high-quality
single crystals. Nevertheless, our results unambiguously
confirm that APRN has a significant impact on κl and
leads to a remarkably good agreement between theory
and experiment.
To gain a better understanding of the impact of APRN
on κl, we plot the cumulative and differential κl as a
function of the phonon frequency in Fig. 5(a). It is evi-
dent that the significant increase in κl mainly comes from
the phonon modes with frequencies below 20 meV, and
the acoustic modes contribute much more than optical
phonons. It is evident from Eq.(3) that such a signifi-
cant enhancement in κl may occur due to APRN-induced
changes in the phonon heat capacity, group velocity, or
lifetimes. We first rule out the heat capacity since we
have found that APRN have negligible effect on heat ca-
pacity at 300 K. Furthermore, the effect of APRN on the
group velocity of the acoustic modes is a small increase,
while the flat PM1 modes are rigidly shifted upwards and
their group velocities remain negligibly low, as explicitly
shown in Fig. 5(b). Hence, change in group velocities
cannot explain the two-fold increase of κl. We therefore
conclude that APRN significantly decreases scattering
rates and increases phonon lifetimes. Indeed, compari-
son of the lifetimes calculated with and without APRN
in Fig. 5(c) shows a significant enhancement for those
phonon modes lying below 10 meV, in line with the sharp
peaks in the derivative of κl in Fig. 5(a).
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FIG. 6. Contour plot of the three-phonon combination (q +
q′ → q′′) rates at T = 300 K calculated with (a) and without
(b) APRN.
To reveal the physical origin of the reduced scattering
rates of these low-lying phonon modes, in Fig. 6(a) and
(b) we plot the mode-resolved scattering rates associated
with the dominant three-phonon combination processes
(q + q′ → q′′) as functions of the two phonon frequen-
cies ωq and ωq′ . It is evident that the PM1 modes act
as effective scattering channels for both acoustic and op-
tical modes. In addition, comparison between Fig. 6(a)
and (b) indicates that APRN not only reduces the over-
all scattering rates but also noticeably alters the scat-
tering landscape. Specifically, in the absence of APRN
high scattering rates exist in the low-lying acoustic re-
gion (below 5 meV), where we see a strong scattering
peak at ωq = ωq′ ≈ 3.3 meV. In contrast, when APRN
is included the scattering peak is shifted to a higher fre-
quency (ωq = ωq′ ≈ 5.2 meV), which reduces the inter-
actions with and scattering rates for the heat-carrying
acoustic modes. A close inspection further reveals that
acoustic modes with frequencies in the PM1 range are
heavily scattered by interactions with the PM1 modes,
highlighting the importance of the proper treatment of
frequencies of the “rattling” modes for an accurate the-
ory of κl in this and similar compounds.
The current results, despite achieving remarkable
agreement with experiment, should be taken with some
caution, since such a good agreement might be partly
due to a cancellation of errors. An example of a sys-
tem where such error cancellation occurs is PbTe. It
has been demonstrated by one of us that the approx-
imately 1/T decay of κl in PbTe stems from a strong
interplay among thermal expansion, APRN, three- and
four-phonon scattering processes, despite the fact that
a much simplified model employing only three-phonon
scattering also leads to a 1/T decay of κl [30]. Fur-
ther refinement of the lattice thermal transport model
for Ag6Ge10P12 can be achieved by considering two ad-
ditional factors. First, inclusion of four-phonon scatter-
ing rates may become increasingly important above the
Debye temperature, as recently pointed out by several
authors [30, 36, 54, 61, 62]. Second, the adopted theoret-
ical framework based on the phonon gas model excludes
the nondiagonal Peierls contribution [63, 64], which could
be important in complex crystals [65, 66]. Recent theo-
retical developments have made it possible to explicitly
estimate both contributions [54, 65], which might be a
focus of future investigations.
IV. CONCLUSION
In summary, we have performed a first-principles study
of lattice dynamics and thermal transport properties of
Ag6Ge10P12. We go beyond harmonic approximation in
computing phonon dispersions by including temperature-
induced anharmonic phonon renormalization based on
self-consistent phonon theory. Inspections of lattice dy-
namics reveals strong temperature dependence of rat-
tling vibrational modes associated with Ag atoms, which
stems from a potential energy surface with significant
high-order contributions. We find that the temperature-
induced hardening of rattling modes tends to reduce scat-
tering rates of low-lying acoustic modes and therefore sig-
nificantly enhance lattice thermal conductivity, improv-
ing the agreement between theory and experiment. Lim-
7itations and possible sources of error cancellations of the
current approach are also discussed.
Acknowledgements. VO acknowledges financial
support from the National Science Foundation Grant
DMR-1611507. This research used resources of the Na-
tional Energy Research Scientific Computing Center, a
DOE Office of Science User Facility supported by the Of-
fice of Science of the U.S. Department of Energy under
Contract No. DE-AC02-05CH11231.
[1] L. E. Bell, Science 321, 1457 (2008).
[2] D. Rowe, CRC Handbook of Thermoelectrics (CRC-
Press, 1995).
[3] E. J. Skoug and D. T. Morelli, Phys. Rev. Lett. 107,
235901 (2011).
[4] M. D. Nielsen, V. Ozolins, and J. P. Heremans, Energy
Environ. Sci. 6, 570 (2013).
[5] X. Lu, D. T. Morelli, Y. Xia, F. Zhou, V. Ozolins, H. Chi,
X. Zhou, and C. Uher, Advanced Energy Materials 3,
342 (2013).
[6] S. R. Brown, S. M. Kauzlarich, F. Gascoin, and G. J.
Snyder, Chemistry of Materials 18, 1873 (2006).
[7] J. L. Cohn, G. S. Nolas, V. Fessatidis, T. H. Metcalf,
and G. A. Slack, Phys. Rev. Lett. 82, 779 (1999).
[8] T. Takabatake, K. Suekuni, T. Nakayama, and
E. Kaneshita, Rev. Mod. Phys. 86, 669 (2014).
[9] W. Ren, H. Geng, Z. Zhang, and L. Zhang, Phys. Rev.
Lett. 118, 245901 (2017).
[10] J. Nuss, U. Wedig, W. Xie, P. Yordanov, J. Bruin,
R. Hu¨bner, A. Weidenkaff, and H. Takagi, Chemistry
of Materials 29, 6956 (2017).
[11] X. Shen, Y. Xia, G. Wang, F. Zhou, V. Ozolins, X. Lu,
G. Wang, and X. Zhou, J. Mater. Chem. A 6, 24877
(2018).
[12] K. Momma and F. Izumi, Journal of Applied Crystallog-
raphy 41, 653 (2008).
[13] A. A. Maradudin and A. E. Fein, Phys. Rev. 128, 2589
(1962).
[14] R. Peierls, Quantum Theory of Solids, International Se-
ries of Monographs on Physics (Clarendon Press, 1996).
[15] D. Wallace, Thermodynamics of Crystals, Dover books
on physics (Dover Publications, 1998).
[16] D. A. Broido, M. Malorny, G. Birner, N. Mingo, and
D. A. Stewart, Appl. Phys. Lett. 91, 231922 (2007).
[17] K. Esfarjani, G. Chen, and H. T. Stokes, Phys. Rev. B
84, 085204 (2011).
[18] J. Garg, N. Bonini, B. Kozinsky, and N. Marzari, Phys.
Rev. Lett. 106, 045901 (2011).
[19] A. J. H. McGaughey, A. Jain, H.-Y. Kim, and B. Fu,
Journal of Applied Physics 125, 011101 (2019).
[20] L. Lindsay, C. Hua, X. Ruan, and S. Lee, Materials
Today Physics 7, 106 (2018).
[21] W. Li and N. Mingo, Phys. Rev. B 89, 184304 (2014).
[22] W. Li and N. Mingo, Phys. Rev. B 91, 144304 (2015).
[23] T. Tadano, Y. Gohda, and S. Tsuneyuki, Phys. Rev.
Lett. 114, 095501 (2015).
[24] T. Tadano and S. Tsuneyuki, Phys. Rev. Lett. 120,
105901 (2018).
[25] P. Souvatzis, O. Eriksson, M. Katsnelson, and S. Rudin,
Computational Materials Science 44, 888 (2009).
[26] O. Hellman, I. A. Abrikosov, and S. I. Simak, Phys. Rev.
B 84, 180301 (2011).
[27] I. Errea, M. Calandra, and F. Mauri, Phys. Rev. B 89,
064302 (2014).
[28] T. Tadano and S. Tsuneyuki, Phys. Rev. B 92, 054301
(2015).
[29] A. van Roekeghem, J. Carrete, and N. Mingo, Phys.
Rev. B 94, 020303 (2016).
[30] Y. Xia, Applied Physics Letters 113, 073901 (2018).
[31] D. Hooton, The London, Edinburgh, and Dublin Philo-
sophical Magazine and Journal of Science 46, 422 (1955).
[32] T. R. Koehler, Phys. Rev. Lett. 17, 89 (1966).
[33] N. R. Werthamer, Phys. Rev. B 1, 572 (1970).
[34] I. Errea, B. Rousseau, and A. Bergara, Phys. Rev. Lett.
106, 165501 (2011).
[35] W. Li, J. Carrete, N. A. Katcho, and N. Mingo, Com-
puter Physics Communications 185, 1747 (2014).
[36] Y. Xia and M. K. Y. Chan, Applied Physics Letters 113,
193902 (2018).
[37] I. Errea, M. Calandra, C. J. Pickard, J. Nelson, R. J.
Needs, Y. Li, H. Liu, Y. Zhang, Y. Ma, and F. Mauri,
Phys. Rev. Lett. 114, 157004 (2015).
[38] N. Shulumba, O. Hellman, and A. J. Minnich, Phys.
Rev. Lett. 119, 185901 (2017).
[39] P. Hohenberg and W. Kohn, Phys. Rev. 136, B864
(1964).
[40] G. Kresse and J. Hafner, Phys. Rev. B 47, 558 (1993).
[41] G. Kresse and J. Hafner, Phys. Rev. B 49, 14251 (1994).
[42] G. Kresse and J. Furthmu¨ller, Comput. Mater. Sci. 6, 15
(1996).
[43] G. Kresse and J. Furthmu¨ller, Phys. Rev. B 54, 11169
(1996).
[44] P. E. Blo¨chl, Phys. Rev. B 50, 17953 (1994).
[45] J. P. Perdew, K. Burke, and M. Ernzerhof, Phys. Rev.
Lett. 77, 3865 (1996).
[46] J. P. Perdew, A. Ruzsinszky, G. I. Csonka, O. A. Vydrov,
G. E. Scuseria, L. A. Constantin, X. Zhou, and K. Burke,
Phys. Rev. Lett. 100, 136406 (2008).
[47] J. P. Perdew, K. Burke, and Y. Wang, Phys. Rev. B 54,
16533 (1996).
[48] F. Zhou, W. Nielson, Y. Xia, and V. Ozolin¸sˇ, Phys. Rev.
Lett. 113, 185501 (2014).
[49] F. Zhou, W. Nielson, Y. Xia, and V. Ozolins, ArXiv
e-prints (2018), arXiv:1805.08904 [physics.comp-ph].
[50] S.-i. Tamura, Phys. Rev. B 27, 858 (1983).
[51] S.-i. Tamura, Phys. Rev. B 30, 849 (1984).
[52] R. A. Cowley, Reports on Progress in Physics 31, 123
(1968).
[53] G. Srivastava, The Physics of Phonons (Taylor & Francis,
1990).
[54] T. Feng and X. Ruan, Phys. Rev. B 93, 045202 (2016).
[55] W. Li, L. Lindsay, D. A. Broido, D. A. Stewart, and
N. Mingo, Phys. Rev. B 86, 174307 (2012).
[56] W. Li, N. Mingo, L. Lindsay, D. A. Broido, D. A. Stewart,
and N. A. Katcho, Phys. Rev. B 85, 195436 (2012).
[57] M. Omini and A. Sparavigna, Physica B: Condensed
Matter 212, 101 (1995).
[58] M. Omini and A. Sparavigna, Phys. Rev. B 53, 9064
8(1996).
[59] E. Gmelin, W. Ho¨nle, C. Mensing, H. G. von Schnering,
and K. Tentschev, Journal of thermal analysis 35, 2509
(1989).
[60] A. Togo and I. Tanaka, Scripta Materialia 108, 1 (2015).
[61] T. Feng, L. Lindsay, and X. Ruan, Phys. Rev. B 96,
161201 (2017).
[62] N. K. Ravichandran and D. Broido, Phys. Rev. B 98,
085205 (2018).
[63] P. B. Allen and J. L. Feldman, Phys. Rev. B 48, 12581
(1993).
[64] A. Auerbach and P. B. Allen, Phys. Rev. B 29, 2884
(1984).
[65] M. Simoncelli, N. Marzari, and F. Mauri, arXiv
e-prints , arXiv:1901.01964 (2019), arXiv:1901.01964
[cond-mat.mtrl-sci].
[66] S. Mukhopadhyay, D. S. Parker, B. C. Sales, A. A. Puret-
zky, M. A. McGuire, and L. Lindsay, Science 360, 1455
(2018).
Appendix A: Compare renormalized phonon
dispersions using different anharmonic phonon
renormalization schemes
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FIG. 7. Calculated phonon dispersions at 300 K considering
APRN. Dispersions colored in orange were obtained using self-
consistent phonon theory formulated in the reciprocal space.
Dispersions colored in blue were obtained using a real-space-
based APRN scheme, as detailed in Ref. [30] and Ref. [36].
